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Abstract

Dynamics is a fundamental part for a humanoid
robot, not only for locomotion, but also for any
kind of movement. It relates the forces and accel-
erations that appear in the system. It is used in
trajectory generation, stability control, mechanical
design and simulation.
In this work, a complete dynamic model of the
HOAP-3 robot has been obtained, using the spa-
tial notation of inverse and forward dynamics al-
gorithms. This provides a more compact formula-
tion for velocity, acceleration and forces and sim-
plify the equations.
Different proofs have been achieved using this ap-
proach. We have generated a set of movement
trajectories for the humanoid robot HOAP-3 and
then we have applied spatial dynamic formulation
to them. First, we have designed a dance trajec-
tory imitating a human dancer, involving only the
upper part of the robot body, afterwards, we have
created a locomotion trajectory using the cart ta-
ble, which involves the complete robot body. Fi-
nally, results have been validated and discussed.

Keywords: Humanoid robots, dynamics, spatial
algebra, postural planning

1 INTRODUCTION

Over the last years, research in humanoid robots
has evolved in many directions. Advanced hu-
manoids have been developed with a high degree
of interaction abilities and mobility. Some exam-
ples are HRP-2 of AIST [1], ASIMO of Honda [2]
or RH-1 of Universidad Carlos III de Madrid [3].
But if these robots have to interact with humans
and share his environment, it is necessary to rise
its safety, stability, mobility, manipulability and
interaction ability.

The study of forces and torques produced in the
robot is of main importance if we want to achieve
these objectives. The problem of the humanoid
robot dynamics is an interest topic since many
decades, and it plays an important role in the
robot movement control.

Dynamics is defined by the equation of motion,

which relates joint torques with joint accelera-
tions. Through forward dynamics, it is possible
to obtain the joint accelerations knowing the joint
torques and it is mainly used in simulation. In-
verse dynamics performs the opposite task, it al-
lows to obtain the joint torques knowing the joint
accelerations. It is commonly used in trajectory
generation, stability control and mechanical de-
sign of the robot.

There have been many works which make use of
the complete dynamic model of the robot. In [4]
the net force produced by all robot link is calcu-
lated to perform biped walking. In [5], whole body
dynamics is taken into account to generate motion
in simulated human figures. Finally, in [6], a com-
plete dynamic model of the RH-1 humanoid robot
is obtained using euclidean groups.

This work deals with the need of obtaining a com-
plete dynamic model of the humanoid HOAP-3.
Starting from this model, which allows to know
all the torques and forces produced in every joint
and link of the robot, it is possible to develop con-
trol algorithms and test different trajectories. Fur-
thermore, the complete dynamic model constitute
a useful tool to validate these algorithms.

To obtain the dynamics of the robot, we have used
the spatial notation of 6D vector of the dynamic
algorithms, developed in, which differs from the
traditional 3D notation in a simpler way to for-
mulate the algorithms and in a conciser way to
express velocity, acceleration, inertia, and forces.

The document is structured as follows, the next
section provides a explanation of the Lagrangian
and Newton-Euler approaches of dynamics. In
section III we discuss the spatial notation of 6D
vectors and address the most used algorithms
for inverse and forward dynamics. Section IV
presents the generated trajectories for testing the
algorithms. Section V describes the dynamic
model approach. Section VI presents our results
and finally, we discuss our conclusions in section
VII.



2 FRAMEWORK OF
DYNAMICS

The dynamic model of a robot is used to know
the relationship between the robot motion and the
forces involved in this motion [7]. Obtaining the
dynamic model of the robot is essential to achieve
different purposes as movement simulation, design
of structure and actuators or movement control.

Nowadays, there are two approaches to deal with
this problem [8]. The first approach assumes that
the complete model of the robot is known, includ-
ing all the masses and inertias of each link. Due
to the high cost to compute all this, trajectories
are usually planned off-line [9]. In this paper we
foolow this approach.

The second method uses a limited knowledge of
the system dynamics, representing the robot as
an simple or multiple inverted pendulum [10]. It
relies on feedback control to correct the errors pro-
duced in the model simplification.

2.1 Equation of motion

The movement of the robot is defined by its equa-
tion of motion.

D(q)q̈ +H(q, q̇) + C(q) = τ (1)

where q , q̇ and q̈ are the joint position, veloc-
ity and acceleration vectors and τ are the joint
torques. D is the inertia matrix, C is the cori-
olis and centripetal matrix and C is the gravity
matrix. To be more precise, this matrices not
only depend of q and q̇, but also of the model, so
it would be more correct to write these matrices
as D(model,q), H(model,q, q̇) and C(model,q)
where model refers to the rigid body system in-
cluding the number of bodies and joints, the kind
of joint, masses, inertias and the way they are con-
nected.

2.2 Lagrangian and Newton-Euler
approach

Lagrangian approach solves the dynamics of a
rigid body system tacking into account the energy
of the system. This formulation allows to derive
the equation of motion in a systematic way, in-
dependently of the reference frame. It uses the
Lagrangian L, which is the difference between the
kinetic and potential energy. The equation of mo-
tion using the Lagrange theory is enunciated as:

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= τ (2)

The algorithms based on this approach are slower
than those based on Newton-Euler Formulation.

They have the advantage that they only need to
compute the kinetic and potential energy, so they
reduce the number of equations to derive and are
less prone to errors.

Newton-Euler formulation is based on the balance
of all the forces acting on the robot links. This
implies that the equations can be expressed in a
recursive way, which produces a big advantage,
the algorithms based on this formulation are faster
than non recursive ones. Newton-Euler method
are described by two equations, the first one is re-
lated to the translational movement of the center
of mass.

fi − fi+1 = mir̈CM −mig (3)

where f is the force passing through the link, r̈CM

is the center of mass acceleration, m is the link
mass and g is the gravity acceleration. The second
equation is based on the rotative movement of the
link.

Ti − Ti+1 = Iiαi + ωi × (Iiωi) (4)

where T is the torque produced by the link, I is
the inertia tensor of the link, α is the angular ac-
celeration and ω the angular velocity.

3 SPATIAL FORMULATION OF
DYNAMIC ALGORITHMS

Building the dynamic model of a high degree of
freedom robot can be tedious. If we are working
with a humanoid robot, the problem is more dif-
ficult due to the numerous joints and the closed
kinematic chains. Spatial formulation of dynam-
ics provides a compact and easy to implement no-
tation. This formulation make use of 6D vector
and tensors to describe velocity, acceleration, in-
ertia and force. Using these components, a set of
dynamic algorithms can be developed.

3.1 Spatial equation of motion

The equation of motion of a rigid body system (see
Fig.1) is defined using the spatial notation as:

f =
d

dt
(Iv) = Ia + v× Iv (5)

with

f =

(
n
f

)
∈ F 6 (6)

v =

(
ω
v

)
∈M6 (7)

a =

(
ω̇
c̈− v × ω

)
∈M6 (8)

I =

(
Ic 0
0 m

)
∈M6×6 (9)



where f ∈ F 6 is the net spatial force applied in the
body, which is compose by 3D vectors force f and
torque n, v is the spatial velocity, composed by
the linear and angular velocity of the body center
of mass, a is the spatial acceleration and I is the
spatial inertial, composed by the inertia tensor Ic
and the mass m.

c

n

fv

w

Ic
m

Figura 1: Forces and velocities acting on a rigid
body

3.2 Spatial inverse and forward dynamics

Inverse dynamics deals with the problem of ob-
taining the torques applied in every joint starting
from the acceleration of the rigid body system.
The generic formula can be expressed as:

τ = ID(model,q, q̇, q̈)

The most used algorithm to calculate inverse dy-
namic is the Recursive Newton Euler Algorithm
(RNEA) [11], whose spatial formulation can be
found in [12]. This algorithm has a complexity of
O(n), where n is the number of degrees of freedom.

RNEA has two phases. First, it calculates recur-
sively the velocity and acceleration of every joint,
and then, using (5), it calculates the force trans-
mitted in every joint. In a second stage, it com-
putes the joint forces starting at the terminal links
and working towards the base.

Forward dynamics consists on determining the ac-
celerations that appears in the actuated joints as
a function of the torques applied. The general for-
mulation can be expressed as:

q̈ = FD(model,q, q̇, τ)

One of the most cited algorithm for forward dy-
namics is the Composite Rigid Body algorithm
(CRBA), first developed in [13]. This algorithm
computes the inertia matrix of a set of composite
rigid bodies and then solve for every joint acceler-
ation. This matrix can be computed efficiently by
applying successively inverse dynamics with joint
velocity and acceleration set to zero and depends
on the connectivity of the kinematic chain.

Another approach for solving the forward dynamic
is the Articulated Body Algorithm (ABA), devel-
oped in [14]. It is based on the propagation of
the equations of an articulated body. Forward dy-
namic problem presents two set of unknowns, joint
accelerations and joint forces. ABA calculates the
coefficients of this equation locally, taking into ac-
count one joint at every step. It calculates the
acceleration that appears in a joint formed by two
bodies, one is the parent body, the second one is
an articulated body formed by all the other links
of the kinematic chain. It computes this equation
recursively, until it finds a local solution (usually
at the terminal link) and propagates backwards to
obtain a global solution.

Both CRBA and ABA are algorithms to compute
forward dynamics. Generally speaking, CRBA is
faster than ABA, but ABA is more precise [15].
Also, they have a spatial formulation than can be
found in [12].

4 TRAJECTORY GENERATION

In this paper we study two group of trajecto-
ries that have been generated for the humanoid
HOAP-3. The first one is a dance performance im-
itation of a professional dancer. The second one is
a locomotion trajectory generated using the cart-
table method.

4.1 Dance performance trajectory

There are many works regarding dance perfor-
mance imitation in humanoid robots. In [16] a
method to scale human upper body motion cap-
ture data to a humanoid robot is proposed. Other
example of upper body motion imitation can be
found in [17], where the dance performance speed
is taken into accounet to control the robot.

Another approach is to accomplish whole body
robot movement through imitating a human. Usu-
ally, the problem is divided in two. The upper part
of the body, which can be imitated without tak-
ing into account the stability of the robot and the
lower part, where the ZMP criteria is used. This
study [18] is an example of this.

We have obtain a set of trajectories for the up-
per body of the humanoid robot, imitating the
dance performance of a professional dancer. The
complete dance performance can be seen in this
video1.

To simplify the dance adaptation to the robot,
we have constructed the set of motion primitives,
which have been performed by the dancer and im-

1http://www.youtube.com/watch?v=mu5psxG7bwA



itated by the robot. The complete dance routine
consist of 12 different motion primitives, which
combines arms and legs movement. In this paper
we only study the motion of the upper body.

First, a tracking vision system to capture the
movement of the dancer have been developed. Us-
ing a set of 3 tags placed at the shoulder, elbow
and hand, the movement of the dancer arms have
been tracked. To obtain the 3D trajectories of the
tags, we have used segmentation by histogram and
a Kalman filter. The noisy trajectory obtained is
smoothed using a third order spline.

The trajectory performed by the dancer has to be
adapted to the robot (see Fig.2). To do so, we
have obtained the kinematic model of the human
arm as a 4 degree of freedom manipulator, with 3
degrees of freedom (yaw, pitch,roll) in the shoulder
and 1 degree of freedom in the elbow (yaw). This
is the same model as the HOAP arm.

Figura 2: Vision tracking system and obtaintion of
an adapted 3D trajectory for the humanoid robot.

In such way, it is possible to use Inverse Kinemat-
ics algorithms in order to get the joint angles of
the robot arm. In Fig. 3 the used algorithm is
presented.
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Figura 3: Inverse kinematics for the human arm

The reference position and velocities of the human
arm are used as input. The human arm angle
velocities can be calculated using the well-known
equation

q̇H = J†H [ẋH + K (xH − k(q))] (10)

where the pseudo-inverse of the Jacobian Matrix
is used since only the position of the arm is con-
sidered. The remaining degrees of freedom can
be used in order to adapt the different range of
movements of the HOAP-3 robot with respect to
the human arm. So, the velocity of robot arms are
calculated as:

q̇R = J†H [ẋH + K (xH − k(q))] + α(qR) (11)

where
α(qR) =

[
I− J†HJH

]
q̇0 (12)

The vector q̇0 can be calculated in order to get a
solution of joint angles being far from the HOAP-
3 joints limits, while getting the same end-effector
trajectory:

q̇0,i = −kl
qH,i − qR,i

(qR,i,M − qR,i,m)2
(13)

with kl > 0.
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Figura 4: Articular dancing trajectory of the 4
DoF left arm

In Fig.4 the articular trajectory of the left arm is
showed. In addition, in Fig.5 some snapshots of
the dancing performance imitation is showed.

Figura 5: Upper body dance performance imita-
tion (simulated and real)

4.2 Locomotion trajectory

The other trajectory studied is a stable locomo-
tion trajectory. We have used the cart-table model



[19] to generate the gait. This model is based on
ZMP a preview control scheme to obtain the COG
trajectory from a defined ZMP trajectory. This
method generates a dynamically stable gait tra-
jectory using the 3D Linear Inverted Pendulum
Model [20] to approximate the dynamics of the
humanoid.

The relationship between ZMP trajectory and
COG trajectory is defined by the following equa-
tions:

px = x− ẍ

g
zc (14)

py = y − ÿ

g
zc (15)

where px is the ZMP reference, x is the COG tra-
jectory, ẍ the COG acceleration, zc is the COG
height and g is the gravity. In cart table model

Figura 6: Cart table model in sagital plane

(Fig. 6), the cart mass corresponds to the center
of mass of the robot. If the cart accelerates at a
proper rate, the table can be upright for a while.
At this moment, the moment around px is equal
to zero, so the ZMP exists.

τZMP = mg(x− px)−mẍzc = 0 (16)

The trajectories have been calculated with a step
distance of 8 cm, COG height of 32 cm and a
preview time of 0.75 sec. The robot walks 12 steps
forward. Some snapshot of the biped locomotion
are showed in Fig. 7.

5 DYNAMIC MODEL
APPROACH

There are many works regarding simplified dy-
namic models, which make use of the pendulum,
simple or multiple, to control humanoid robots. It
have been proved, that in some cases as walking,
the error between computing the simple pendu-
lum dynamics and the complete model dynamics

Figura 7: Biped locomotion trajectory (real and
simulated)

is small [19]. However, there are some cases, as
for example dancing, where the complete model is
necessary. In these cases, the inertia forces pro-
duced by the arms or by the floating leg are not
neglectable, and may have an important influence
in robot stability.

In order to apply the spatial dynamic algorithms
previously presented, we have developed two dy-
namic models to study the dance and locomotion
trajectories. The model used to obtain the dance
performance dynamics is a kinematic tree, with
the base frame in the robot chest. It has two
branches and 8 degrees of freedom, 4 for every
arm.

The dynamic model used in the locomotion tra-
jectory is an open branched kinematic tree, with
the base frame located in the supporting leg. It
has 23 degrees of freedom, corresponding to all the
actuated joints of the HOAP-3 robot. It starts in
the feet, with the supporting leg kinematic tree
until the waist, where it branches in 3 kinematic
trees, corresponding to the other leg an the two
arms.

We have used a dynamic model of the robot taking
into account only the single support phase, where
only one leg is in contact with the floor at the
same time. The reason to do this is because the
single support phase is more critical that the dou-
ble support phase. In single support, the strongest
instabilities appear and the torques are bigger. It
also allows an easier formulation of the dynamic
algorithms, avoiding kinematic closed loops and
contact forces.

To compute the robot dynamics in the locomo-
tion trajectory, we have used a complete dynamic
model for the right support phase. In the left sup-
port phase, we have used a model symmetrically
equal to the first one, but with the fixed base in
the left foot.

Robot links lengths, masses and inertia tensors
have been provided by the manufacturer.



6 RESULTS

We have computed the inverse and forward dy-
namics for the dance (Fig.5) and locomotion tra-
jectories (Fig. 7), usign the spatial formulation of
the dynamic algorithms.

Figura 8: Joint torques for the right arm in the
dance trajectory obtained usign RNEA.

We have obtained the arm joint torques for the
first trajectory using the RNEA algorithm of in-
verse dynamic. In Fig. 8 the torques of only one
arm is showed. The complete dance performance
last about 3 minutes, we only use a small part of
it to test our algorithms.

Figura 9: Joint accelerations for the right arm
in the dance trajectory. Desired acceleration is
showd in blue, acceleration obtained by CRBA
is showed in green and acceleration obtained by
ABA is showed in red.

Using the previous torques as an input, we have
calculated the forward dynamics using the CRBA
and ABA algorithms (Fig. 9), where the accelera-
tion obtained by CRBA is printed in green, ABA
in red and the real acceleration is printed in blue.

The real acceleration is the desired acceleration,
which means that it is the second derivative of the
original tracked motion. It can be seen that the
dynamic model is correct, as the error between

the solutions of the CRBA and ABA algorithm
and the real acceleration is very small.

In Fig. 10 are showed the joint torques produced
in the floating and supporting leg when HOAP-3
humanoid is walking forward. The motion used
here consist on a left step forward, being the right
leg the supporting leg and being the left leg the
floating leg. As it can be seen, the joints support-
ing all the humanoid weight are the ones with the
higher torque value, as well, the torques in the
floating leg are lower than the others.
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Figura 10: Joint torques of the floating leg (up)
and supporting leg (down) in the locomotion tra-
jectory.

The dynamic algorithms have been programed in
MATLAB, usign a variation a the dynamic library
created by Featherstone. All these algorithms are
pretty fast and have been computed in a Daul
Core 5200+ with 2 Gb of RAM. The computing
time for a 23 degree of freedom model using RNEA
has been 3, 31 ·10−3s, CRBA has been 3, 76 ·10−3s
and ABA 5, 13 · 10−3s.

They are good results tacking into account that
the usual sampling time of the HOAP-3 robot is
3ms.

7 CONCLUSIONS

From our point of view, the complete dynamic
model of a humanoid robot provides some impor-



tant advantages. We can obtain a accurate knowl-
edge of the forces and torques which appears in
every link. We also can predict more precisely the
behavior of the robot, under complex trajectories
or uncertain environments. Concentrated mod-
els as inverted pendulum simplified the equations
with the inconvenient of loosing precision. In our
approach, we put together the spatial notation of
dynamics, which make use of a quite easy formu-
lation and the precision of knowing the complete
dynamic model.

In this paper we have applied the spatial formu-
lation of dynamic algorithms to a set of different
trajectories. The first one is a dance performance,
initially executed by a professional dancer. Us-
ing a tracking vision system, we have obtained the
3D movement of the upper body, which have been
adapted to the HOAP-3 humanoid robot, taking
into account its joint limits.

The second trajectory is a stable walking gait ob-
tained by the cart-table method. In this case, we
have applied the dynamic algorithms to the single
support phase, which is the less stable phase and
where the higher torques are produced. We have
studied the joint torques which appears in both
the supporting and floating leg.

We have also created two dynamic models of the
robot in order to test the algorithms and trajecto-
ries. We have made an upper body model to deal
with the dance trajectory and a complete body
model to study the locomotion trajectory.

Using these models, we have been able to compute
the inverse dynamics, using the spatial version of
the RNEA, and the forward dynamics, using the
spatial versions of CRBA and ABA, proving that
the the algorithms are consistent.

Finally, we have achieved a complete dynamic
model of the humanoid HOAP-3. With this
model, we can test different control algorithms
which includes all joint masses and inertias and
also, we can know the forces acting in every link.

In future works, we will try to add constraint
forces to the model and will try to decrease the
computing time to obtain the dynamics in real
time.
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